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This article addresses the problem of estimating the states of a nonlinear plant that
operates in multiple regimes and makes transitions between them. It is often difficult to
obtain a single nonlinear model that accurately describes the plant in all regimes. Even
if a global model is available, it sometimes cannot be used conveniently in an estimator.
An alternative approach is presented where local linear models are identified at each
different operating point, and estimation is performed by tracking the transitions from
one regime to another. This is done by first estimating the validity of the local models
on-line and then constructing a time-varying global model by interpolating between the
local linear models. State and parameter estimation is then performed using this global
model in a moving horizon estimator. To demonstrate the effectiveness of this method,
it is applied to three test systems: a simple numerical example, a CSTR, and a copoly-

merization reactor.

Introduction

In this work we describe a method of state estimation for
nonlinear systems that are subject to multiple operating
regimes. Different operating conditions are usually initiated
by external factors such as changes in product specifications
(e.g., polymer product and grade changeovers) or persistent
plant disturbances (e.g., variations in feed conditions).

Poor transition control leads to long periods of transient
operation, usually accompanied by the production of off-
specification material and significant economic loss. How-
ever, in order to design a controller, it is necessary to obtain
a model that accurately describes the plant at each of the
different operating points, as well as during transition. Often
a first-principles model that includes the underlying physics
and chemistry of the process is difficult to obtain. Even if
such a model is available, it may be inappropriate for state
estimation and controller design. The alternative is to iden-
tify a single empirical model using plant input/output data.
However, since chemical processes are nonlinear, unmodeled
dynamics that are negligible at one operating point may be
dominant at another. Therefore in order to uncover all the
necessary plant dynamics, the identification algorithm might
require inputs with large amplitude and/or large frequency,
which may not be practically implementable. This would make
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it difficult to identify an empirical model that is valid for all
operating conditions of interest.

The approach followed in this article is to use a local linear
model for each of the different plant operating regimes. These
multiple models may either be empirical models identified
from local input/output data or linearizations of some global
first-principles model, if available. Each model should satis-
factorily describe the plant in a region around the point that
it was identified, but may perform poorly when the plant
moves out of that domain. Therefore this article describes
ways of combining the information contained in the local
models into a global description of the plant, and then carry-
ing out state estimation by tracking transition on-line. Fur-
thermore, a method of estimating the uncertainty around the
global model is discussed, in order to study the effect of
adding and removing local models.

The multiple-model paradigm has been used often in re-
cent years for modeling and control of nonlinear systems.
Progress in this active research area can be found in a recent
book by Murray-Smith and Johansen (1997).

Local Models

Without any loss of generality it will henceforth be as-
sumed that an estimator has to be designed for a single-
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input /single-output (SISO) nonlinear plant of the form

x=f(x,u)
y=g(x,u), 6))

where x is the state, y is the output, and u is the input.
Next let there be N different operating points:

(xs,i’ us,i)

and assume that a linear state space model has been identi-
fied at each operating point:

(M, i=1,...,N).

Therefore M, consists of the state-space matrices [A4;, B;, C;,
D,], obtained at the steady state (x,,,u,,). These local mod-
els may either have been obtained through identification or
by linearizing a first-principles global model. It is also as-
sumed that the true plant and all the models are observable.

The local models may be either discrete or continuous. In
the remainder of this article results are presented for the
continuous case. However, with minor modifications, the re-
sults readily apply to the discrete case also.

There are two broad approaches to combining the local
models into a global model. The first method is to estimate at
every sampling time the probability that each of the local
models is a valid representation of the plant. This can be
done by comparing the plant measurements with the outputs
of each of the models. Then at any moment the plant states
can be estimated by weighting the state estimates from each
of the local models against the probability that the model is
correct. The second approach is to construct a global model
by interpolating between the local models using time-varying
weights. These weights then need to be identified on-line so
that the outputs of the global model match those of the plant.
Therefore while the first approach considers the perfor-
mance of each of the local models separately, the second ap-
proach looks only at the performance of the global model.

Therefore state estimates will be obtained from the global
model, either by mixing the states of the local models or by
mixing the models themselves. There will be a mismatch be-
tween the global model and the actual plant, which arises
from two sources. First, there is modeling error in the local
models around the different operating points. Second, any
transition will take the plant through unmodeled regions that
are only being approximated by the global model. Therefore
errors in this approximation will also contribute to the mis-
match. The mismatch will be treated as an uncertainty and its
size will be estimated. Finally, the theory will be applied to
three test systems: a simple numerical example, a continu-
ously stirred-tank reactor (CSTR), and a copolymerization
reactor.

Bayesian Estimator

This section describes how to use the adaptive estimation
technique of Lainiotis and coworkers (Hilborn and Lainiotis,
1969; Lainiotis, 1971; Deshpande et al., 1973; Lainiotis, 1976)
to choose the best model at any time, and to perform state
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estimation. This is done by calculating model probabilities,
that is, p(j) is the probability of the jth model being a valid
representation of the plant.

Let the plant measurements be denoted by y(k), and the
measurement history by Y(k) =[y(k), y(k —1)---1". Let p(j|
Y (k)) denote the probability that model j best describes the
plant given the measurement history until time k. Then
applying Bayes’ theorem,

pGIY (k) =pljly (k), Y(k -1)]
_fly 1), Yk =DIplj 1 Y(k - 1]
B p(y(k))
_ flyUo1, Yk =D1plj1 Yk = D]
T Ty Yk - DIplil Y(k - 1]’

()

where fly(k)|j,Y(k —1)]is the probability distribution func-
tion (PDF) of the outputs of the jth model at time k given
the measurement history Y(k —1).

Equation 2 describes how an incoming plant measurement
changes the belief about model validity, that is, how the mea-
surement relates the a posteriori probability to the a priori
probability. The approach followed in Hilborn and Lainiotis
(1969), Lainiotis (1971), Deshpande et al. (1973), and Lainio-
tis (1976) to compute the distribution function, is to design a
Kalman filter for each model. Then the assumptions underly-
ing the jth Kalman filter are that the jth model exactly
matches the plant and any mismatch is due to Gaussian noise
entering the system. If these assumptions are satisfied, the
model residuals € will be zero-mean, and their covariance
will be given by ; =C;P,C }~T+ R, where P, is the state error
covariance of the Kalman filter and R; is the covariance
of the measurement noise in the jth regime. Therefore,
assuming stationarity,

Fly(R)1j,Y(k - D]= fly(k)Ij]
= f( (k)
1 o P
exp{ - Eej(k)ﬂj (k)e(k) }

- e
[@m)" detca,(en]

Equation 3 can be substituted into Eq. 2 to obtain an algo-
rithm for the recursive estimation of model validity. The al-
gorithm must be initialized by the designer with an estimate
for the starting probabilities p[j | Y(0)].

The estimation of the model probabilities is strongly de-
pendent on the covariance matrices of the model residuals,
which in turn depend on the assumptions on the process and
measurement noise covariance matrices. Figure 1 shows two
scenarios, both for the case where there are two SISO mod-
els. In both situations the probability distribution functions of
the models are centered around their estimates, and the
spread of the distributions are given by Q, and (,. In the
first scenario €, < {,, and in the second 1}, = Q,. For that
reason f(€;) < f(e,) in the first graph even though model 1
has a smaller residual. However, in the second graph f(e,;)>
f(e,) for the same residuals. Since the recursive form of Eq.
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residuals.

2 causes the probability of the model with the largest f(e) to
eventually converge to 1, choosing the correct Q, and Q, is
clearly very important, which means that the noise covariance
matrices must be tuned carefully. This matter is illustrated
further in the examples.

The partition theorem proposed by Lainiotis (1971), states
that for the measurement history Y(k), the optimal mean
square estimate of the states is given by

N
2kik)= Y #(klk,Dplil Y(K)], 4)

i=1

where x(k|k,i) denotes the state estimate of the ith model
at sampling time %, based on the measurement history Y(k).

However, this approach was developed for the problem
when the unknown plant matches one of a set of models ex-
actly, and the algorithm has to determine the correct model.
It is assumed that the actual plant does not switch from one
region to another, and so the probabilities are being com-
puted on the basis of a measurement history Y(k) that in-
cludes all data until the present time. Therefore once the
algorithm locks onto one model, the probability of that model
approaches one and those of the other models approach zero.
If the plant at any later time makes a transition to another
regime, it may take a very long time for the probability of
that model to change from zero because of the multiplicative
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recursion of Eq. 2. One ad hoc “fix” for this “slow response”
problem (e.g., Willsky et al., 1980) is to specify a lower bound
on the probabilities away from zero. However, this compro-
mises the optimality guarantee of Eq. 4. As a more reason-
able and intuitive approach, we propose a moving-horizon
Bayesian estimator (MHBE) that calculates model probabili-
ties based only on a past window of input/output data. This
proposal is explained in the next section.

Moving-Horizon Bayesian Estimator

The Bayesian estimator described in the previous section
was formulated recursively based on a measurement history
that contained all measurements until the present time. The
moving-horizon Bayesian estimator (MHBE) uses the same
formulation, but makes use of only the plant measurements
collected over the window [k —#,, ... , k]

Define a measurement history over the horizon given by

Y(kk—n)=[y(k),ytk=1), ..., y(k=n,)]"
Then Eq. 2 can be rewritten as
P[jlY(kvk_ne)]= (5)

flylk)jY k=1, k—n)lpljlY(k -1, k—n,)]

Ly LYk =1L,k —n)lplil Yk -1,k —n)]’ ©)

where f(y(k)|jY [k —1,k—n,]is still given by Eq. 3.

As in the previous section it is assumed that all noise is
Gaussian, and a bank of Kalman filters is used to estimate
states using each of the local models. In addition the estima-
tor stores the residuals from each of the filters collected over
the moving window. Since the estimator is not making use of
any data collected before the beginning of the window, it
should not be biased initially. Therefore the probabilities are
initialized at the beginning of the horizon by choosing

plj1 YUk ~n, k= n)l=1N,

where N is the number of models. Then plj|Y(k,k —n)]is
calculated by using Eq. 5 recursively over the window as
shown in Figure 2 for the case of two models. At the next
sampling time, the window is shifted forward by one step and
the process is repeated. This eliminates the problem of slow
response of the probabilities because the estimator never uses
data from before time step k — n,, and reinitializes the prob-
abilities at the beginning of the window.

The length of the window must be chosen long enough so
that enough data are available to the estimator for updating
the probabilities. However, if the length of the window is too
long, then the estimator will be slow in responding to
transitions.

This section has described how to use a moving horizon to
improve the traditional Bayesian estimator. A comparison of
the two Bayesian techniques will be shown later using physi-
cal examples.

Moving-Horizon State and Parameter Estimator

The focus of both Bayesian estimators just discussed is to
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Figure 2. Moving-horizon Bayesian estimator.

select the best model out of a group of models. Since this
article is motivated by the problem of state estimation during
plant transitions, it should be remembered that the plant
smoothly changes from matching one model to matching an-
other during a transition. Therefore instead of simply choos-
ing the best single model, a better approach would be to con-
struct a global model that interpolates between the local
models as the plant transforms itself. This is the method
adopted in this section.

Constructing a global model

A first-order Taylor expansion of the plant about any
steady-state point (x,,u ) is given by

o af af
= 7‘/; %.t‘,u:(x - xS) M .(_9— xs,u,(u - uS)
g ag
y=—| (x-x)+—| (W—uy. €))
b FHRT a Xsold s

It is known that at the point where the ith linear model was
obtained,

af af

"o = Ay o = Bia
0X \x, ., ou X5, U5

g g

- = Civ - = i
dx Xyl du X ,Us

(xs’ us) = (xs,i’ u:,i)’

and so during transition from the ith regime to the jth one,
the Jacobians change from [4,, B;,C;, D;] to [4, B;,C;, D;],
and the local steady state changes from (x,;,u, ) to (x, ;,u, ).
However, in general the nonlinear state equations will not be
known, so in order to use Eq. 7 to approximate the plant
during transition, two things need to be done:

1. The Jacobians need to be estimated on-line as they
change. One way of doing this would be to keep interpolating
between the state-space matrices of the local models at each
time step. This is similar in principle to linearizing the plant
at discrete time steps during transition, except that lineariza-
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tion is replaced by interpolation between a finite number of
models.

2. At any point in time a suitable (x ,u ) has to be chosen
at which to apply Eq. 7. This can be done by estimating the
steady-state curve of the nonlinear plant from the steady-state
curves of the local models, and then choosing an appropriate
point on this approximate curve.

A method of choosing an approximate steady-state point is
outlined in the next section. Then a method of interpolating
the state-space matrices is described. Next these two meth-
ods are combined to give a state estimator for the nonlinear
plant.

Estimating the steady-state curve

If Eq. 7 is to be used to approximate the plant during tran-
sition, an appropriate steady-state curve from (x ;,u,;) to
(x, 1, ;) has to be estimated on-line. Then at each sampling
time, the closest steady-state point on this curve has to be
found, and the deviations used in Eq. 7 have to be calculated
from that.

For single-input systems, f(x,u)= 0 is the true steady-state
curve for the nonlinear plant (Eq. 1). For multiple-input sys-
tems, this represents a steady-state manifold. If the nonlinear
state equations given by Eq. 1 were known, then at any time
the estimated states and inputs could simply be projected onto
the steady-state manifold to get the nearest steady-state point.
However, in the rest of this section it will be assumed that
the state equations are unknown, and the steady-state mani-
fold has to be approximated from the local models.

The steady-state equation for the ith local model is

Aflx—x )+ Bu—u,;)=0.

Assuming that A, is invertible, solving this equation gives the
hypersurface

x=1x,;— A7 'Bu—u), ®)
and converting states to outputs gives
y=y5,i_CiAi—lBi(u_ux,i)7 (9)

where y, ; is the vector of steady-state outputs. It follows from
Eq. 7 that this is a tangent space to the actual unknown
steady-state manifold at (y,;, u, ;). Therefore each of the N
models gives a tangent space that is a local approximation to
the steady-state manifold at its own operating point.

This is shown in Figure 3 with two local models for an
SISO system. Tangents obtained by applying Eq. 9 to the two
models are used to approximate the steady-state curve. It is
clear from Figure 3 that only a part of the tangent surface of
each model is used to approximate the steady-state curve.
The input space has been subdivided into a domain for each
model: u <u;,, and u> u,,, where u, is the point of inter-
section of the two tangents. For each model only that part of
the tangent is used that corresponds to inputs in its own do-
main. In general there are therefore N local approximations
to the steady-state curve, but there is only one global approx-
imation, and it is constructed by choosing that subspace from
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Figure 3. Estimating the nearest steady-state point for a
SISO system.

each of the tangents that corresponds to the input domain of
the corresponding local model.

Then for any input/output pair (&, y), an estimate of the
nearest steady-state point (y,,u,) is obtained by projecting
the point onto the approximate global steady-state curve.
However, it is not clear which tangent space to project ( y, u)
onto, because each model provides one. The easiest way to
resolve this problem is to project the point onto each of the
different tangent spaces to get N choices for (y,,u,), and
then simply choose the geometrically closest of them. How-
ever, Figure 3 shows that this would not be correct. The point
(y,u) is projected onto both tangents to give (y;,u;) and
(y,,u,), respectively. While (y,,u,) is closer to (y,u) than
(yy,uy), it is clear that (y,, u,) is outside the input domain of
model 2, and therefore model 2 is no longer valid there.
Therefore (y,,u;) should be compared with (y;,u;) because
that is the closest point on the tangent of model 2 that is also
within its input domain. Since (y,,u,) is closer to (y,u) than
(y5,u3), it is chosen as the nearest steady-state point,

Ys =1 Ug=Uy;
x, can then be found by the substitution of u, into Eq. 8 for
model 1.

This procedure as described earlier applies only to SISO
systems. Now consider a multiple-input/multiple-output
(MIMO) system. With multiple inputs and outputs, the true
unknown steady-state manifold is now a hypersurface. Each
linear model provides a tangent to this surface corresponding
to Eq. 9, which is a local approximation to the steady-state
manifold. Figure 4 shows these tangents by projecting them
onto p reduced-order subspaces, each corresponding to a
single output. For graphical simplicity the procedure is illus-
trated on a system with two inputs and three local models,
but it can be easily extended to larger systems.

As in the SISO case only part of each tangent is included
in the global approximation. The subset of the tangent sur-
face chosen for inclusion consists of those points that lie in
its input domain. For example, the figure shows how the in-
put domain for model 1 is bounded by the intersections of its
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Figure 4. Estimating the nearest steady-state point for a
MIMO system.

tangent with the tangents of every other model. Points within
the input domain satisfy the following conditions:

1. They satisfy Eq. 9 for the ith model, that is, they lie on
its tangent surface and satisfy

Y=y~ CAT'Blu—u,,). (10

2. For each of the p outputs, they lie on the same side of
all the other tangent surfaces as does (y,;,u, ;). Therefore
they must satisfy

Y= [ 7= CA7 'Bu —u, )]

>0if y, >y, ;= CA;7'Bu,; —u, ;)

5.
<0if y,, <y, ;~CA7'Bu,;~u,,)

(j=1,...,N,j#i). (1D

To better understand this, consider the SISO case of Figure
3. Applying this condition to the tangent of model 2, it chooses
only that part of the tangent that falls to the right of the
tangent of model 1. This corresponds to the input range u >
U, which is the input domain of the second model.

Therefore these constraints define the subsets of the local
tangent surfaces that are to be included in the global approx-
imation of the steady-state manifold. This approximate
steady-state manifold is used on-line to determine at any given
time an appropriate steady-state point, (x,, u,), to be used in
a model of the form of Eq. 7. Given a plant data point (y, u),
the following procedure is implemented:

1. For each model calculate the closest point on its tan-
gent to (y,u), which is also within the model’s input domain.
For the ith model this point is denoted by (y;,u;), and calcu-
lated by solving

min ||y — y, 13+ llu—u;ll3, (12)
Yisld;

subject to the conditions of Egs. 10 and 11. This is a quadratic
programming (QP) problem that is easily solved by any stan-
dard optimization package without much computational bur-
den, even for large systems. However, it should be carried
out only after scaling the inputs and outputs by the maximum
values of x_; and u_; to eliminate ill-conditioning. Otherwise
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any output or input with a large magnitude will bias the opti-
mization in its favor.

2. Then (y,,u,;)=(y;u;), where the ith model is that with
the smallest value of |y — y; |12+ llu—u; 2.

3. u, can then be substituted back into Eq. 8 for model i
to get x,.

If the local models are discrete, then the preceding proce-
dure will remain unchanged, except that the ith local approx-
imation to the steady-state surface will be given by

y =y +C(I—A) " Bu—u,) (13)

instead of Eq. 10, and this will get substituted into Eq. 11.

In the following sections, this operation of finding the
nearest (x,, y,,u;) on the appropriate steady-state hypersur-
face will denoted by

(x,,y,,u,)=near(y,u).

Interpolating the state-space matrices

A method of estimating an appropriate steady-state point
on-line was presented in the previous section. A method of
approximating the Jacobians will now be described, where
they are parametrized by estimates of model validity func-
tions that are updated on-line.

Model validity functions are estimates of the validity, or
trustworthiness, of each of the local models. The functions
make up a vector

p()=[p(), ... , py(D]T e RY

and may be defined so that p,(t) maps the plant’s outputs
and inputs onto a measure of the validity of the ith model:

pA:(y(2),u(2)) - [0,1], (14)
where
pi(t)—>1 when the ith model is valid,
pi(t)—>0  otherwise,
and
N
Y p()=1 (15)

Equation 15 implies that as the plant moves into a region
where one of the models becomes more trustworthy than the
others, the other models lose their validity.

One way of tracking transitions between the local models,
is to parametrize the state-space matrices of the nominal
global model M by the model validity functions

{Alp()], B[ p(1),CLp(1)], D p(D)]},

where the specific form of the matrices is yet to be deter-
mined. These matrices are therefore time-varying estimates
of the Jacobian of the actual plant. It is assumed that nonlin-
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carities of the true plant are captured by the functional de-
pendence of the system state-space matrices on p(¢).

The nominal global model is then defined by a linear pa-
rameter-varying (LPV) system, given by

x= Al p(D]x + Bl p()]u 16)
y=Clp(O)]x + D[ p()]u. an

Traditionally LPV systems have been interpreted as lin-
earizations of nonlinear systems along parameter trajectories
(Apkarian et al., 1994; Ravi et al,, 1991). In this work the
model validity functions constitute the parameters.

Now a specific form of the functional dependence of the
state-space matrices on p(#) must be decided. An implicit
restriction on the global model is that if p;=1, it should
reduce to M;, the ith linear state-space model:

A(p)=4; B(p)=B5,
C(p)=C; D(p)=D; |,y

which has already been locally validated. One way of impos-
ing this is to choose the following matrices for the global
model:

A(p(t) =X¥p, () A,
Clp()]=XMp()C,

Blp()]1=XMp.(t)B, (18)
Dl p())=Z¥p(t)D;. (19)

This structure attempts to interpolate between the state-space
matrices of the local models. If the p; are chosen in an opti-
mal manner, then it should be expected that this approach
has to be at least as good as the Bayesian approach where
each model is considered separately, and no mixing of mod-
els takes place. The preceding global modeling is similar to
that presented in Johansen and Foss (1992) and (1995), with
the very important difference that this work addresses the
on-line estimation of the validity functions and presents some
new results in this direction.

Therefore the structure that we have chosen to implement
as M(p), the nominal global model, is

N N
J&=[Zpi(t)A,» [x—xs(t)]+[2p,-(t)B,- fu—u, ()]
N
y=y )+ [Zpi(t)ci][x —x,()]+
N
[Zpi(t)D,-}[u—us(t)] (20)

(x,,y;,u,) =near(y,u).

Note that the model validity functions are very similar to
the model probabilities of the Bayesian techniques—only the
interpretation is different. The model probabilities were
computed based on the residuals of each of the local models.
However, the model validity functions parametrize the global
mode! and need to be calculated so that the global model
matches the plant measurements.
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The advantages of using this particular LPV structure as
the global model are:

1. The global model satisfies the linearization property,
that is, each local model is recovered exactly from the global
model at the operating point at which it was obtained, pro-
vided the p(¢) are estimated properly.

2. Recent work in Apkarian et al. (1994) presents methods
to design robust linear parameter-varying controllers for
plants of this structure. Based on this, the design of transi-
tion controllers for nonlinear plants is discussed in Banerjee
et al. (1995).

However some questions still need to be answered: How
does one assign the model validity functions? How well does
the global model in Eq. 20 match the actual plant, and how
many local linear models are needed?

Moving-horizon estimation of model validity functions

This section describes a method of estimating the values of
the model validity functions on-line. The approach used here
is to consider the model validity functions p; to be parame-
ters of the global model, and treat their time variation as
random walk processes. State and parameter estimation is
performed simultaneously, but subject to the constraint that
Y;p;=1. A discrete moving-horizon-based estimation ap-
proach similar to that proposed in Robertson and Lee (1995)
can be used for this purpose, the difference being that in
Robertson and Lee it was assumed that the nonlinear state-
space function of Eq. 1 is known. Since this is usually not
the case here, that approach is modified to fit the present
probiem.

For notational convenience in this section, time will be de-
noted in the subscript. Therefore x,, p; ,, and p, denote the
plant state, the ith model validity function, and the vector of
validity functions, respectively, at time step k. Also for any
vector z, z;, denotes the best estimate of z at time step j
based on measurements up to, and including, time step k.

Let the process and measurement noise at time step & be
denoted by wi and v, respectively. If the local models are
continuous, then the time-varying state-space matrices of the
local models must be discretized to get

{A4lp(&)], B, p(K)], CLp(iO], DI pCk)1}.
If T is the sampling time, these matrices are given by

Ad[P(k)] = e APDIT

Bl p(k)]= —[I—eMP* T 47 p(kT )] Bl p(kT)]
Clp(k)]= C[p(kT)]

D[ p(k)] = D[ p(kT)]. 21

Next define

F(xp up, p) = x5 + AlpROxy, — x 1)
+ Bd[p(k)](uk - u:,k)
G(xy, pe) = Yo i + CLpUIIx;, — x, )+ Dl p(R)ICuy, — 1 4 ),
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where
(g k Yoot ) = mear(yg, uy ).

Let the vector of validity functions be treated as a random
walk process:

Pisr1=Di + W[,

where w( is modeled as white noise. Then the state-space
equations to be used by the estimator are

Xp41
Pr+1

Y =Gl p)+ v

(22)

Pk wf

F(xka“kapk)]Jr[Wi:]

At any instant, state and parameter estimation is per-
formed by examining plant input/output data over the pre-
ceding m time steps. As shown in Figure 5 this window has
been termed the estimation horizon, and the global model is
simulated using the inputs given to the plant over that inter-
val. The estimator then attempts to select values of the pa-
rameters that minimize the mismatch between actual plant
measurements and the outputs of the global model. More
specifically at time step k, wi_,, . ~-wi_, wf_ ., wl_.,
and the initial states and validity functions are chosen so that
the outputs of Eq. 22 from time k& —m+1 to k£ match the
true plant as closely as possible.

The initial estimate of the states and validity functions at
time k —m +1 is chosen to be

[xk—mnfkﬂn

e
+ X;_,.,
Pi-m+11k-m

where X{_, is an error vector. At time step / let y, denote
the actual plant measurements, and v; denote the mismatch
between the plant measurements and model outputs. Also let
the noise in the states and parameters be represented by

o Pt e
plant measurements .
global model output ./ _\‘_¢—'—
L]
1 Pik

vk—m+l_{ T__::

-

\ model validity functions

/ Pix

km+1...... k-m+n P
probability update horizon
estimation horizon

Figure 5. Moving horizon estimation.
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wit
w; = .
4 W Ip
Then in order for the model outputs to match the plant, the
following optimization must be carried out:

) v T p- -
min (XE ) PIXE_ , +Xf iR Yo+
Xi-m

Wioma W

S WQ T W+ ATy d Dy (23)
s.t.

v, =y, - 8x;,p)

xp=FQx_ g, ppo )+ wis
— P
Pi=pi-twio

di=[ly =y 1% lly~y, yII?]
O0<p; <1

Z:N=1pi,k=1’

where P™', Q! and R™! are positive definite weighting
matrices that are chosen to reflect the user’s confidence in
the initial state estimate, the weighted state equations, and
the weighted output equations. In addition, extra constraints
of the form

| Pik = Pik-1l < (24)

can also be added, where @, represents a bound on the rate
of change of the validity functions. This can be used to pre-
vent the estimator from overreacting to noise.

The results of a typical optimization are shown in Figure 5.
The profiles of the global model output and the validity func-
tions are based on data collected from time steps k —m +1
to k. It should be noted that at the next time step, the data
window will be moved forward and the profiles will be re-
computed over the new horizon.

The first three terms of the objective function are similar
to those proposed in Roberston and Lee (1995), and are re-
sponsible for making the model output match that of the plant
without being overly sensitive to noise. The matrices P~! and
Q™! are usually chosen diagonal, and can be partitioned into
the following structure:

-1 -1
P_l—_— PX 0 Q_1= QX

0 P! 0 o}

(25

Here P, ' and Q; ! are diagonal matrices of size equal to the
number of states, which weight the initial mismatch and
process noise added to x,. Similarly Pp‘1 and Q0 ! are diago-
nal matrices of size equal to the number of models, and weight
the initial mismatch and process noise added to p,. If all the
states are of the same order of magnitude, then P! and
Q;' may simply be constant-times-identity matrices with
suitably chosen constants. Otherwise these matrices should
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include scaling factors to ensure that the effect of the larger
states do not dominate those of the smaller ones in the objec-
tive function. P! and Q. can in general be chosen to be
constant-times-identity matrices. As for R™!, it too should
include scaling factors if the outputs of the models are of
different orders of magnitude.

The fourth term in the objective function has been in-
cluded to “anchor” the nominal global model to the local
models at the points where they were obtained. It is essen-
tially a weighted sum of the model validity functions, and the
weights at any time step are the distances between the model
output and the points where the models were identified.
Therefore if the model output is far from the operating point
where the ith model was obtained, the weight on its validity
function is high. Therefore this term penalizes the estimator
for assigning high validity functions to models at points far
away from where they were identified. It also smoothes out
the effect of noise on the estimation of probabilities. For ex-
ample, if the plant remains close to the steady-state operat-
ing point of one of the models, the fourth term will keep the
probability of that model close to 1, and prevent the estima-
tor from changing the validity functions as a result of noise.
This smoothing cannot be accomplished fully with the Pp‘l
and Qp‘ I because high values of these terms are needed to
prevent the p(¢) from reacting to noise. However, this would
then slow down the changing of p(¢) during transitions. The
variable A in the objective function is a tuning parameter that
can be used to increase or decrease the weight given to the
penalty.

One way of reducing the computational burden of this op-
timization is to compute the validity functions for only the
first n, time steps, and hold w,f_,,,+,,p+,= e=wp_ ;=0
This is shown in Figure S5, where n, has been termed the
probability update horizon. This assumes that the validity
functions remain constant in the remainder of the horizon.
However, it should be noted that when the optimization is
repeated at the next time step, the validity functions are
updated again.

This moving-horizon parameter estimator does have one
other advantage. Usually the states are physical quantities
that remains bounded—for example, the concentration of a
reactant can never become negative. Therefore constraints
can be added to the optimization in Eq. 23 in order to ensure
that the estimated states do not violate these bounds. How-
ever, neither the Bayesian estimators nor the traditional ex-
tended Kalman filter (EKF) can include constraints in this
manner. This is discussed further in the examples.

Estimating Uncertainty

The true unknown plant is represented by the nominal
global model M(p), plus any mismatch that may be at-
tributed to uncertainty, disturbances, and noise. The uncer-
tainty incorporates the effects of:

1. The errors and uncertainties in the local models—these
represent the plant-model mismatches around the points
where each of the models was identified.

2. The errors and uncertainties in the global nominal
model—these represent the plant-model mismatches during
transition between the regimes and arise mainly due to ap-
proximating Eq. 1 by Eq. 20.

Vol. 43, No. 5 1211



Furthermore the uncertainty in the global model, which
may be large during transitions, reduces to the uncertainty in
the ith local model when the plant is within the domain of
the ith model. Therefore the uncertainty will be time-varying
and will be represented henceforth by A(¢).

A method for estimating the size of the uncertainty based
on plant input/output data is given in this section. This is
useful for two reasons:

1. It provides a measure of how good the nominal giobal
model is. This is useful in deciding if additional models need
to be added, or if some existing models can be removed.

2. It provides a measure of how robust the controller de-
sign needs to be.

Let u and y represent the true plant inputs and outputs,
and u; and y, be the time-varying estimate of the closest
plant steady-state point obtained at each sampling time using
the procedure outlined earlier. Next define the deviation
variables i =u —u, and § = y ~ y,. Then Figure 6 shows the
relationship between the true plant and the nominal global
model, along with disturbances, d, and noise, n. Therefore
the output of the true plant is given by

y=ys+Jy
=y +MIpOWa+ADa+n+d, (26)

where M[p(#)] is the LPV nominal global model (Eq. 20).
The objective of this section is to use plant input/output data
to estimate the smallest size of A that is consistent with the
data.

It is assumed that the sequences u ={ug,u;, ... , u;_; €
R™}yand y={yy, y1, -.. , y;-; € RP} are available that con-
tain the sampled measurements of the plant inputs and out-
puts, respectively. Next the moving-horizon estimator de-
scribed in the preceding section can be run off-line on these
data to produce the sequence of model outputs y ={y,, 7;,

L y~l— 1}9 Vs = {ys,O’ .YS,I’ ERR ys,l— 1}’ and us = {us,O’us,l’ AR
u,,-1}. This can be represented by

=y, +M[p(6))(u—u,)
=y, + M[ p(Oli. Q@n

However, the moving horizon parameter estimator described
earlier estimates the states by trying to determine both the
probabilities and noise required to make the model outputs
match the plant. Equation 27 does not include the effects of
output disturbances, d, and noise, n. However, the state esti-
mator adds noise to the states in order to reduce mismatch
due to model uncertainty. Therefore, when using the estima-
tor to produce model outputs for estimating uncertainty, it
becomes necessary to turn off the process noise estimation.

A(t) |
A
u *| M(p)
Figure 6. Nominal model with uncertainty.
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This means setting wf =0 in Eq. 22, so that it is dropped
from the list of decision variables in Eq. 23.

Then combining Eqs. 26 and 27, the plant-model mismatch
can be expressed as

e=y—y=Aid+n+d, (28)
where
e={yo— VoY1= F1s - » Yio1— Fi-1}
G=A{ug =t g, uy—ug s ooy Uy~ Uy 4}

The problem then reduces to finding the smallest amount of
uncertainty that can explain the plant-model mismatch in the
presence of noise and disturbances. Before tackling this
problem, it is easier to first consider the case when there is
no noise nor disturbances. To solve this we make use of the
following theorem (reproduced from Poolla et al., 1994, with
a change in notation).

Theorem 1. Let the induced 2-norm of an operator A be
defined by

. =S .
2= 3R T,

Then, given sequences & ={ily, &, ... , &, €R™} and e=
{eg, €1, --. , €, € RP}, there exists a stable, causal, linear,
time-varying operator A with

TAll, =y

such that

Al iy, oo 0y, *, %, .. )=(eg,eq, .o, € 1, %, %, ...)

if and only if

tmeell ;< yllmall, fork=1,...,1 29)

where 1, is the k-step truncation operator

(g, 8y, ... ) = (g, 8y, o0, 8,1, 0,0, ..0).

It follows from Eq. 29 that the smallest value of .y that
satisfies the conditions of the theorem is

I Ty € il 2

¥ = max fork=1,...,1, 30)

kg dll,

which provides an estimate of the smallest uncertainty that
explains the data if there are no noise or disturbances
present. If the inputs to the plant do not excite every mode of
plant behavior, y will be smaller than the actual value of
lAl;;. Therefore the plant input/output data being used
should cover as much of the different operating regions as
possibie. However, even if the calculated value of vy is smaller
than the actual value of [|All;,, it is still useful, as it pro-
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vides a lower bound on the uncertainty that the controller
must be able to tolerate.

Next, consider the same problem in the presence of noise
and disturbances. It is clear from Eq. 28 that just by looking
at values of e and u it is impossible to say how much of the
mismatch is due to A and how much is a result of » and 4.
Therefore estimating the size of A from data is possible only
if n and d can be measured, or if they are bounded in some
way. In such a case, the main result follows from Theorem 1.

Theorem 2. Suppose the disturbance and noise sequences
are unknown, but are known to satisfy the system of con-
straints f-(d,n) < 0. Let the space of noise and disturbance
sequences that satisfy this constraint be denoted by

Q={d, nlf-(d,n) <0}. (31
Then given the sequences 4 ={i,, ... , #,_;} and e=/{e,,
s ey
max |[me—d—-n)li,
y= min — fork=1,...,1
dinen e all,
(32)

is the smallest value of y for which there exist

A(t), d={d0, - ’dl—l}’ n={n0, ey n,_l}
such that
LAl flaali,
i = SU - <y,
2T o Than, =7
d,neq
and
Cegs evnr €y ¥y % )=Alg, ..., B g, *, %, ...)
F(dg, o dy, *y ok, (g, g, R, R, L)
Proof. If d and n were known, then

e—d—n=A#. (33)
Substituting this into Eq. 30 gives

max mlle—d—n)ll,

y = = for
Nl

k=1,...,1. (34

However if the only information known about 4 and # is that
they belong to the set 31, then for each of these sequences a
value of y can be calculated. From these, the smallest value
of y for which there exists d and n sequences that belong to
the set Q is given by Eq. 32.

As example, suppose that n and d are unknown but
bounded, that is, n, and d, are known such that

~-d,<d<d, —n,<n<n,, (35)

AIChE Journal May 1997

and for notational convenience assume that the system is
SISO. Then this simple noise model can be used to further
simplify the optimizations in Eq. 32. The expression for y
reduces to

lrwil,
Y = max ————— for

— k=1,...,1, (36)
kNl

where w is defined as

|€l—db—nb lflel?.(db+nb)
"o i lel <(dy+ny). D

Calculating the value of y helps decide how many local
models are needed for the global model to accurately repre-
sent the plant. Clearly, the larger the number of local models
that are available, the better will Eq. 20 match Eq. 1. How-
ever, after a certain number of models, the incremental bene-
fit of adding more might not be significant. This can be
checked by using plant data to see how the value of y re-
duces by adding more models. When the number of local
models is fixed, then the estimate of the uncertainty provides
a lower bound on the robustness needed from the controller.
If no controller can be found that is robust enough, then the
number of local models is insufficient.

The quantity y can also be considered a measure of non-
linearity of the system. If it changes considerably with the
number of models being used, then the system is very nonlin-
ear. However, if y is relatively independent of how many
models are used, then the incremental effect of adding mod-
els is small, and it implies that the system is almost linear.

Examples

The theory developed earlier was applied to three test sys-
tems. The first of these is a simple numerical example to
demonstrate the differences between the different ap-
proaches discussed before. The other examples are reactor
systems that are chosen to illustrate the application of the
theory to typical real-life processes.

Numerical example

The nonlinear system was chosen to be the following:
%y ==1-=5x,—10x3 + x, + u + 3u? (38)
. 2
i, =—x,+(u—0.6)
y =X (39

Two local models were then obtained by linearizing the state
equations at the following two steady-state points:

_10.2159 _ _ [ 0.4499 -
xs’l—[ 0.01 ],u3,1—0.7 X2 [ 0.16 ],us.z 1.

The models were then discretized with a sampling time of
one unit to give the following discrete state-space matrices:
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1.05

0.95 1
0.9}
50.85
0.8
0.7%

0.7

0.6% 50

time steps 100 150

Figure 7. Input given to nonlinear system in Example 1.

4.—|166x107% 00678 , _|155x107° 0.0365
! 0 0.3679 0 0.3679
_[os83 _[o0.68
Bl‘[o.n} BZ‘[0.51]

C,=C,=[1 0]

D,=D,=0.

Although the second state is not measured, both local models
are observable.

The nonlinear system was simulated using a smooth linear
ramp in input from u, to u,,, as shown in Figure 7. Mea-
surements of the first state were sent to a Bayesian estimator,
a moving-horizon Bayesian estimator, and a moving-horizon
parameter estimator (MHPE). The aim was to see how well
these estimators tracked the transition and estimated the sec-
ond state. This is not an easy task as the gains of the unmea-
sured state x, with respect to the input changes by a factor
of 4 during the transition.
noise covariance matrices

_fo001 0 _ -5
Q_[ A 0‘005] R=25%10"5. (40
0.5
0.45 ; .
0.4}
;0.3?
0.3}
| — plant stat ]
0.2§ o gs%ir;ngtgdeplant stat;
0.2 50— 100 150
time steps

1 e
08 ]; ]
0.6}

[=%
0.4} {
——model 1 |
0.2¢ ---model 2 | |

0 4"

0. B0 100 50
time steps

Figure 9. Model probabilities for Example 1 using BE.

Even though no noise was added to the plant states or mea-
surements in this example, this value of R was chosen so that
), the variance of the residuals, was roughly the same for
each model:

Q,=494x10"°  Q,=491x10"".

This eliminates any bias in model selection with the Bayesian
estimator when using Eqgs. 2 and 3.

Figure 8 compares the estimated states to the true plant
states during the transition using the Bayesian estimator, and
it is clear that the estimator does not perform well, especially
for the unmeasured state x,. Figure 9 shows that the model
probabilitics change only about ¢ =120, which is well after
the transition is complete. As a result, the estimated states
do not match the plant states until this time. The reason for
this delayed response is the slow response of the model prob-
abilities, as discussed earlier. Even though the second Kalman
filter starts outperforming the first one midway through the
transition, this effect does not show up in the estimated states,
because the probabilities take such a long time to switch.

It is to eliminate this slow response that the MHBE was
proposed. The covariance matrices given in Eq. 40 were again
used to design the two local Kalman filters, and these were

0.18,

0.16}

0.14 /

0.12¢

0.1 t
0.08;

0.06¢
0.04-

— plant state
- - - estimated plant state |

0.02¢

0 1 p— 100 150
time steps

Figure 8. Estimated states for Example 1 using BE.
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0.12

0.1

x2
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0.06

0.04

0.02

0 n ) L . L L . . L
0 10 20 30 40 50 60 70 80 90 100

time steps

Figure 10. Estimated states for Example 1 using the MHBE with different estimation horizons.

used with a moving horizon of m =35. The state estimates
appear in Figure 10 and the probabilities are given in Figure
11. It is clear that the estimator does a much better job as the
probabilities switch smoothly during the transition, but there
is still some mismatch in the unmeasured state x,.

Next the effect of changing the window size was studied,
and Figures 10 and 11 show how the state estimates and
model probabilities varied when the horizon was changed to
m=1, and then m =25. For both of these cases, there is
mismatch in the estimation of x,, and it is more than the
case when m was chosen to be 5. While the difference be-
tween m=1 and m =175 is not much, there is considerable
deterioration when m is increased to 25. This trend is shown
more clearly in Figure 12, where the 2-norm of the error in
the estimate of x, is plotted as a function of window size. It
is clear that when using the MHBE, there is an optimal win-
dow size around 5. The reason for this trend is that for smaller
horizons, not enough data are being used to determine the
probabilities, and for larger horizons the effect of the slow
response is increasingly pronounced.

—— mode! 1
- = model 2 1
m=5
02 . R . . A : . . .
10 20 30 40 50 60 70 80 90 100

time steps

In order to reduce the mismatch in x,, a MHPE was used
with different horizon sizes. The parameters used in the
optimization were

» P70 . 0 R
=19 p1|79 = o -1
» o,
1,00 0 0 0
0 200 0 0
o 0 3 0 (41)
0 0 0 3
R™'=4x10* A=0. (42)

It should be noticed that P! and Q! have been chosen
equal to the inverse of the process noise covariance matrix Q
used in the Kalman filters. Similarly, R™! has also been cho-
sen as the inverse of the measurement noise covariance ma-
trix R. This was done in order to make a fair comparison

1 Bl gttty
o8k — model 1 i
- - model 2

0.6 J

a m=1
m=25

04F 1

0.2 g
) S,

02 . . . . . .

10 20 30 40 50 60 70 80 80 100
time steps

Figure 11. Model probabilities for Example 1 using the MHBE with different estimation horizons.
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Figure 12. [ el ,, the 2-norm of the estimation error in
the second state, shown as a function of es-
timation horizon.

between the two methods. The tuning parameters Pp"1 and
Q. ! were chosen to be 3/, so as to get a good response
during the transition. However, since there was no measure-
ment or process noise, the estimation was not very sensitive
to this parameter. For the same reason A was chosen to be
zero because it was not necessary to smooth out the effect of
noise on the validity functions.

Figures 13 and 14 show the performance of the MHPE for
two different window sizes, and it is clear that the MHPE
outperforms the MHBE, as the estimation error is smaller.
With a horizon of five time steps, the estimation of x, has
improved only marginally over the MHPE, as there is still
mismatch. However, when the horizon was increased from 5
to 25 time steps, the MHPE was able to track x, with a
marked reduction in mismatch.

Figure 12 shows how the estimation error in x, varied as a
function of window size when an MHPE was used. Like the
MHBE the error decreases initially as window size reduces,

0.5 — T T T T T T v T

— plant state
| — estimated plant state (m=5)
- - estimated plant state (m=25)

0.45

04

% 035

0.3

0.25

0.2 n i L L L . : L L
0 10 20 30 40 50 60 70 80 a0 100

time steps

L e T e e
7
/7
7
7
0.8 s | —— model 1
- = model 2
o6 1
o m=5
m=25
0.4} 1
0.2k ) 4
/
/.
e
o -------= -
02 . . " . . . . A .
0 10 20 30 40 50 60 70 80 9 100

time steps

Figure 14. Model probabilities for Example 1 using the
MHPE with different estimation horizons.

but then unlike the MHBE the estimation error does not start
significantly increasing again as window size is increased. This
is not surprising, as the MHPE does not suffer from the
slow-response problem as the horizon becomes larger—it
simply adjusts the profile of the validity functions in order to
match the larger amount of data available. However, the lev-
eling off of the curve indicates that there is some estimation
error that cannot be reduced by changing the window size.
This reflects the amount of information about the process
contained in the local models.

For all the simulations presented for this example, per-
formance of the estimator is directly related to how the prob-
abilities /validity functions change during the transition. For
the BE, Figure 9 shows that the probabilities switch very fast,
and that too after the transition. Since at any given time, only
one of the models is being selected, during the period when
neither model matches the plant, the estimator performs
poorly. When a MHBE is used with large horizons, the
probabilities converge and stay at either one or zero for longer
times and then switch abruptly toward the end of the transi-

0.18 r T T T T : - .
o1k — plant state

— estimated plant state (m=5)
014r - - estimated plant state (m=25) { 1

x2

0.08

0.06

0.04

0.02

0 . . " ) — A ) .
0 10 20 30 40 50 60 70 80 9 100
time steps

Figure 13. Estimated states for Example 1 using the MHPE with different estimation horizons.
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tion period. Consequently, the estimated states of the local
models are hardly mixed (see Eq. 4) during transition, and
the estimation error grows. This is observed for m =25 in
Figures 10, 11 and 12. When the horizon is reduced to 5, the
probabilities gradually change during the transition, the state
estimates are mixed, and the estimator performs well. A fur-
ther decrease in horizon length to one time step causes the
response of the probabilities to become sluggish, and that in-
creases the estimation error again. Another drawback of us-
ing a very small estimation horizon is that it would make the
MHBE more sensitive to measurement noise.

When using the MHPE, increasing the horizon makes more
data available to the estimator, which makes an attempt to
mix models rather than select one of them. Therefore, using
a horizon of 25, allows the MHPE to change the validity
functions more gradually, and in a more optimal manner. This
occurs as the plant moves out of the domain of model 1, and
gradually enters the domain of model 2. As a result, the esti-
mation improves.

This simple example was chosen to illustrate the funda-
mental differences between the three approaches presented
in the theory. The next two examples simulate systems that
may be commonly found in a chemical plant.

CSTR example

The second test system to be studied is a CSTR with a
first-order exothermic reaction. The dynamic behavior is de-
scribed by the following equations (Uppal et al., 1974):

dx, D.(1 ) X,
PR Ry

x +BD, (1-x,) 2
7R P

+ B(u—x,)

y = X,

where the states x, and x, are the dimensionless concentra-
tion and reactor temperature, respectively, and ¢ is dimen-

ﬁ,_,.

]

5{ MODEL 3. -==="" 1
L — T sigad

R odel steady

~ -~~~ glate curves

MODEL 2

N Y X S

DI

4]
Figure 15. Steady-state curve for CSTR, showing the

model locations and the approximate mode!
steady-state curves.
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Figure 16. Input to CSTR.

sionless time. The input u is the dimensionless temperature
of the cooling jacket surrounding the reactor. The constants
are D,=0.072, y =20, B=8, and B =0.3. This system was
chosen because it exhibits output multiplicity, as can be seen
from the steady-state curve given in Figure 15. Furthermore
the middle branch of the steady-state curve is unstable,
though the upper and lower branches are stable. Therefore
the system has different dynamics in the regions surrounding
the three branches, and so is well suited for application of
the theory.

An open-loop simulation was carried out using three local
models, obtained by linearizing the nonlinear state equations
on each of the three branches, as shown in Figure 15. The
corresponding local steady-state curves obtained using Eq. 8
are also shown, and they make up the global approximate
steady-state curve. The first and third models are stable, and
the second model is unstable.

The plant is initially at the center of the lower branch,
which is where the first model was obtained. The input given
to the CSTR is shown in Figure 16. When the input in-
creases, the plant moves off the lower branch and goes to the
upper branch. Once the plant has reached the upper branch,
the input is again reduced to zero, and the plant moves to the
center of the upper branch. Figure 17 shows the plant output
as a result of this input change. The measurements have been
corrupted by Gaussian noise with a standard deviation of 0.05,
and the sampling time used is one dimensionless time unit.

6 ——
51 {\/\,\/—v\j\—w/\
4t

5

Q

53+

(=]
2,
1
0 {020 30 40__ B0 B0 70 ¥0 Y0 100

time steps
Figure 17. Output of CSTR.
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Estimation was carried out using the BE, MHBE, and the
MHPE. In each case the design parameters are as follows:

1. BE: A Kalman filter was designed for each of the mod-
els, and the noise characteristics of each of the filters was
chosen to be

0,=(0.1x,,)* R, =(0.05Y, ),
where X, ; and Y| ; are diagonal matrices containing the states
and outputs at the ith operating point.

2. MHBE: A Kalman filter was designed for each of the
models with the same noise characteristics as for the Bayesian
estimator. In addition a window size of five sampling times
was used to estimate model probabilities.

3. MHPE: An estimation horizon of m =5 was found to
be sufficient. The rate of change of the validity functions in
Eq. 24 was chosen to be «, = 0.05. The weights used in the
objective function were

P

i 10(x,)"" 0
0 1015, 5
-1 2
0= 10(X, ) 0
0 10,5

rR'=[100v,p7"]  a=20.

The matrices X, and Y, are included in the definition of
P71, 07!, and R™! in order to scale the states and inputs.
The scalar constants in these matrices were chosen to give
the maximum weightage in the objective function to the mis-
match between the measured and modeled output. That ex-
plains why the constant in R™! is larger than the constants in
the other matrices.

The results are shown in Figures 18 and 19. All three esti-
mators initially choose the first model (p; =1, p, =0, p; =0),
as the CSTR is being operated around the lower branch of
the steady-state curve. Then when the input is increased, the
plant moves to an operating point on the upper branch. Fi-
nally, when the input is stepped down again the plant moves
to the center of the upper branch, which is where the third
model was obtained. That is why the probabilities eventually
converge to (p,;=0, p,=0, p;=1), which means that the
third model is being selected. However, while the plant is
making the transition from the lower to the upper branch, it
moves through a region close to the middle branch, which is
why the probability and validity function of the second model
approach one for a short while. It is clear that the BE takes
longer to react to the input changes than do the other two
moving-horizon estimators. This affects the state estimation,
which for the BE is not as good as the moving-horizon esti-
mators (see Figure 19). Comparing the two moving-horizon
estimators, it is clear that the MHPE outperforms the MHBE,
as the estimated states are closer to the true plant states.
This is because the MHBE probabilities converge to the best
local model at each sampling time. Since this is rather fast,
the effect of mixing the states is lost. So the estimated states
from the MHBE are usually those of the Kalman filter based
on the best local model at that time. However, the MHPE
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Table 1. Average % Errors in the Estimated States Using the
Three Different Types of Estimators

Estimator Average % Error
BE 8.54
MHBE 253
MHPE 1.62

attempts to mix models in an optimal manner, and so should
be able to find a mixed model that is at least as good as the
best of the local models. A comparison of the average
error in the states from using the three estimators is given in
Table 1.

An intermediate result shown in Figure 20 illustrates how
the nearest steady-state point, (x,, u,) was estimated during
the simulation. Initially, the estimated point remains on the
tangent of the first model. Then as the plant moves away
from the lower branch, the steady-state point switches to the
tangent of the second model. Finally when the plant gets close
to the upper branch, the steady-state point moves over to the
third tangent.

In order to study the effect of changing the number of
models, two further simulations were carried out with the
MHPE, using two models and five models. These models were
obtained by linearizing the nonlinear state equations at the
different locations circled on the steady-state curve in Figure
21. The parameters of the MHPE were not changed, except
that Pp'1 and O, ! were changed to 101, , when two models
were used and 10/, s when five models were used. The esti-
mated states are compared to the true plant states in Figure
22. Tt appears that the simulation with five models is very
similar to that with three models. However, when two models
are used in the estimator, the states are estimated poorly
during the transition from the lower branch to the upper
branch. This is not surprising, as the plant is unstable around
the central branch, whereas the two models being used have
been obtained on the stable branches. Therefore the models
do not match the plant dynamics in between the upper and
lower branches.

The results from Theorem 2 was applied to each of the
three simulations in order to assess the effect of changing the
number of models on the magnitude of the uncertainty bound

. |vv true s.s. curve

\\\\\ ‘= - approx. §.s. curve
—— plant state trajectory
— - est. nearest s.s. point

Figure 20. Trajectory of the estimated nearest steady
state point for the CSTR example.
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v. The value of y was calculated using the MHPE with two,
three, and five models. In each case the uncertainty was esti-
mated both in the presence and absence of measure-
ment noise. The y values for these simulations are given in
Table 2.

The table demonstrates how measurement noise can affect
the calculation of y. For these simulations it was observed
that measurement noise did not exceed a value of 0.13, and
there were no disturbances. Therefore Eqs. 35-37 were used
to calculate vy, using the values n, =0.13 and d, = 0. When
using noise-free measurements, both d, and n, were taken
to be zero. The estimated value of y decreases slightly in the
presence of noise, because it cannot be exactly determined
how much plant-model mismatch is due to noise and how
much is a result of uncertainty.

More importantly Table 2 also shows that while there is
hardly any benefit from having more than three models, the
uncertainty increases threefold if the central model is
dropped, since the local models on the lower and upper
branches are not adequate to describe the nonlinear transi-
tion dynamics. This increased uncertainty may significantly
degrade closed-loop performance if the estimator is used with
a controller. This is borne out by the results of Banerjee et

- — actual plant state
—— estimated plant state

x 3+

1h X1 4
/
/
0 i 1_ 1 1 1 1 L 1
0 10 20 30 40 50 60 70 80 90
time steps

al. (1995) where a multiple-model-based controller is used
with this CSTR. It is shown there that if the central model is
dropped, the controller can no longer reach setpoints around
the middle branch.

Copolymerization reactor example

The third example is a copolymerization reactor (Congali-
dis et al., 1989) whose flow diagram appears in Figure 23. A
proportional integral derivative (PID) controller manipulates
the rate of coolant flow in order to obtain any desired jacket
temperature. It is assumed that the dynamics of this con-
troller are much faster than those of the reactor and have
consequently been neglected. Therefore, in the subsequent
discussion, the reactor jacket temperature will be treated as a
manipulated variable, whereas in reality it is the setpoint of
the PID controller.

Monomers A and B are added continuously to the CSTR,
along with initiator, solvent, and chain transfer agent. There
is also the possibility of an inhibitor entering the system. Table
3 lists the chemical names of each of the components.

In this work, the two monomer feeds, the initiator, and the
chain transfer agent along with the reactor jacket tempera-

— — actual plant state

x3 }— X2
— estimated plant state

1+ x1 ]
0 n \ ; . . . L N
0 10 20 30 40 50 60 70 80 90
time steps

Figure 22. Estimated states for the CSTR using two models and five models.
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Table 2. Change in y with Number of Models

Table 3. Chemicals Used in the Plant

No. of bY Y
Models Noisy Data Noise-free Data
2 2.9155 3.1581
3 1.0126 1.3211
S 1.0627 1.0645
Monomer A
Monomer B /—————\
Initiator > Goolant
Solvent “
| [
Chain transfer
agent ; Coolant \_ _J
| Polymer,
L [ Solvent,
_ _Inhibitor Unreacted feed

Figure 23. Copolymerization reactor.

ture have been used as manipulated variables. The solvent
feed rate and the reactor feed temperature have been treated
as measured disturbances, and the inhibitor feed rate has
been treated as an unmeasured disturbance. The measured
outputs are the polymer production rate, the mole fraction of
A in polymer, the weight average molecular weight, and the
reactor temperature.

The reactor is run in three different operating regions in
order to produce three different grades of polymer. The three
grades have weight average molecular weights of about 34,000,
54,000 and 100,000; and the mole fractions of A in the
copolymer are 66%, 54%, and 39%, respectively. Table 4
shows the steady-state operating conditions for each of the
three modes of operation.

A nonlinear first principles model with 12 states has been
taken from Congalidis et al. (1989) to simulate the plant. This

Monomer A Methyl methacrylate
Monomer B Vinyl Acetate

Solvent Benzene

Initiator Azobisisobutyronitrile
Chain transfer agent Acetaldehyde
Inhibitor m-Dinitrobenzene

is based on a free-radical mechanism with 27 separate reac-
tions. In addition three linear models have been obtained by
numerically linearizing the nonlinear model about the three
different operating points. The models were then discretized
with a sampling time of 1,000 s.

Next, since the inhibitor is being treated as an unmeasured
disturbance, the state representing its concentration has been
dropped. Therefore, each of the models has only 11 states,
which are listed in Table 5. This causes the effect of the in-
hibitor to become an unmodeled disturbance, and therefore
if the flow rate of the inhibitor is increased, the plant moves
into a region not covered by any of the local models. This
reduction in the model states was intentionally done in order
to check the performance of the estimator in such an adverse
situation.

The simulations were carried out using the nonlinear model
as the plant. The inputs to the reactor are shown in Figure
24. Initially the plant is at steady state in the first mode. At
the tenth time step the inputs were ramped up to those of
the second mode, and were held there from sampling times
of 100 to 200. Then the inputs were ramped to the operating
point of the third mode, the transition lasting from time 200
to 800. The inputs were then kept at this operating point
until the 1,000th time step, after which they were returned to
their original values in the first operating region. This se-
quence of inputs represents three open-loop transitions be-
tween the different grades of polymer, and are shown in the
first five graphs of Figure 24. However, an additional dis-
turbance in the inhibitor flow rate has been made at the 900th
sampling time. At this time the inhibitor flow rate is stepped
up from 0 kg/h to 0.05 kg/h, and this is shown in the sixth
graph of Figure 24. Since this is an unmeasured input, its
value is not available to the estimator.

Figure 25 shows the plant’s response to these input changes.
The measurement noise was assumed to be Gaussian with a
standard deviation of 1% of the steady-state outputs of the
first mode.

Table 4. Steady-State Operating Conditions

Inputs Grade 1 Grade 2 Grade 3
Monomer A feed rate 18 kg/h 11.5 kg/h Skg/h
Monomer B feed rate 90 kg/h 195 kg/h 300 kg/h
Initiator feed rate 0.18 kg/h 0.11 kg/h 0.04 kg/h
Solvent feed rate 36 kg/h 36kg/h 36 kg/h
Chain transfer agent feed rate 2.7kg/h 1.35 kg/h 0 kg/h
Inhibitor feed rate 0 kg/h 0 kg/h 0kg/h
Reactor jacket temperature 336 K 336 K 335K
Reactor feed temperature 353K 353K 353K

Outputs

Polymer production rate 20 kg/h 14 kg/h 8 kg/h
Mole fraction of A in polymer 66% 54% 39%
Weight average molecular weight 33,800 53,600 100,000
Reactor temperature 350K 348K 346K
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Table 5. States of the Local Linear Models

Concentration of monomer A {mol/m?)
Concentration of monomer B (mol,/m*)
Concentration of initiator (mol/m>)

Concentration of solvent (mol/m’)

Concentration of chain transfer agent (mol/m*)
Reactor temperature (°C)

Molar concentration of A in dead polymer

Molar concentration of B in dead polymer

Zeroth moment of the molecular weight distribution
First moment of the molecular weight distribution
Second moment of the molecular weight distribution
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Figure 24. Inputs to the reactor: five manipulated vari-
ables and one unmeasured disturbance.
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Figure 25. Reactor measurements.

First a BE was designed. The noise characteristics for each
of the Kalman filters were chosen to be

0=(001X,, R=(0.01Y,,),

where X, and Y, are diagonal matrices containing the
steady-state values of the states and outputs at the first oper-
ating point.

In the second simulation, a MHBE was used. The three
Kalman filters used were the same as for the Bayesian esti-
mator. The only additional parameter chosen was a window
size of five sampling times in which to estimate the model
probabilities.
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The MHPE was used in the third simulation with the fol-
lowing weights in the objective function:

P 0.01x,)"? 0
0 10075, 5
0= 0.01X,,)"° 0
0 10015, 5
R™1=(001Y,))"%  A=50.
Figures 26 and 27 show how the model probabilities and
validity functions varied during the simulations. It is clear that
the Bayesian estimator failed to detect the second and third

transitions. This is due to the problem mentioned earlier in
that the probabilities do not switch fast enough. If the plant
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Figure 27. Model probabilities for the copolymerization
reactor example using the MHPE.
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had been operated much longer in each of the modes, then
the Bayesian probabilities would eventually have reflected the
transition, It is also shown that the MHBE improves matters
considerably. The estimator does detect the transitions, and
this shows up in the switching of the model probabilities. At
the beginning model 1 has a high probability, but after the
transition to the second mode the probability of model 2 ap-
proaches 1. Then the transition to the third operating point
causes the probability of the third model to approach 1.
However, the step disturbance in inhibitor flow rate causes a
switch in probability from model 3 to model 2 at the 900th
sampling time.

This must be examined more carefully. The inhibitor flow
rate is an unmodeled disturbance, and stepping it up takes
the plant into a region not covered by any of the local mod-
els. If the manipulated inputs are kept at the mode 3 steady-
state values when the inhibitor feed is stepped up, Tables 4
and 6 show that the mole fraction of A and the molecular
weights fall in between the steady-state values of the second
and third modes. Therefore it is reasonable to expect that the
dynamic behavior of the plant will also lie in between these
modes. What the MHBE tells us is that the Kalman filter
based on the second model outperforms the one based on
the third model in this region.

The final transition is also picked up by the estimator de-
spite the disturbance. It turns out that if the plant is in the
first operating region, this step increase in inhibitor flow rate
does not have much effect on the steady-state outputs, as can
seen from Tables 4 and 6. Therefore the MHBE picks the
first model eventually. However, in order to reach the first

Table 6. Steady-State Operating Conditions with the Inputs
of Modes 1 and 3, with an Inhibitor Feed Rate of 0.05 kg/h

Mode 1 Mode 3
Outputs with Inhibitor with Inhibitor
Polymer production rate 19.4 kg/h 5.4 kg/h

Mole fraction of A in polymer 67% 44%
Weight average molecular weight 33,500 85,000
Reactor temperature 350K 345K
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region, the plant must emerge from a region that is in be-
tween the second and third models. Figure 26 shows that af-
ter the inputs start to ramp at ¢ = 1,000, the plant switches
between the second and third Kalman filters before eventu-
ally picking the first model.

The MHPE also picks up the transitions easily. From Fig-
ure 27 it can be seen that until the time of the disturbance at
t =900, the behavior of the validity functions is very similar
to that of the probabilities calculated by the MHBE. How-
ever, at t =900, the validity functions do not switch over to
the second model and, unlike the MHBE, the MHPE still
picks the third model. This is due to the difference in formu-
lation between the two approaches. The MHPE minimizes
the objective function given in Eq. 23. The fourth term of the
objective function depends on the distance of the plant out-
put from the points where each of the local models was ob-
tained. Comparing Tables 4 and 6, it is clear that the steady-
state outputs are closer to those of the third model than the
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Figure 28. Estimated states—the solid line is the true
plant state, and the dashed line is the esti-
mated state.
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second one. Therefore the fourth term of the objective func-
tion causes the third model to have a higher validity function
even after the inhibitor feed has been increased.

The estimated states are shown in Figures 28 and 29, and
match the true plant states fairly well. In order to compare
the three estimators, the average error in the states was cal-
culated after scaling by the steady-state values of the first
region. These values were an average error of 7% for the BE,
2.4% for the MHBE, and 1.8% for the MHPE.

A point to be noted is that the effect of the inhibitor would
adversely affect any estimation scheme simply because it is
an unmodeled disturbance. Therefore any estimator, linear
or nonlinear, would give rise to an offset when the inhibitor
feed is stepped up. It is not a‘'weakness of the multiple-model
approaches that the states are not exactly matched when the
inhibitor is increased. To eliminate this problem the effects
of the inhibitor should be added to the local models, or an-
other local model should be added that was identified from
data collected when the inhibitor was entering the plant.

Figures 28 and 29 also show how constraints can be han-
dled by the MHPE. The estimated values of four states be-
come negative using the Bayesian approaches. Physically this
is not possible since these represent concentrations, and the
zeroth and first moments of the molecular weight distribu-
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Figure 29. Estimated states—the solid line is the true
plant state, and the dashed line is the esti-
mated state.
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tion. However, when the unmodeled disturbance starts at ¢ =
900, all the local models become inaccurate, and so the
Kalman filters based on them give wrong predictions, which
is this case are negative. Since constraints cannot be incorpo-
rated into the Bayesian approach, this situation cannot be
alleviated. The MHPE estimator, on the other hand, does
not suffer from this weakness, as constraints on the estimated
states can be explicitly included in the optimization.

Conclusions

Three multiple-model-based estimators have been de-
scribed for processes that operate in multiple regimes. Such
estimators are useful when it is difficult to produce an accu-
rate nonlinear model of the plant that is also convenient to
use. This article has outlined approaches that use multiple
local linear models of the plant instead, each valid in some
particular operating region of interest.

A method of quantifying the mismatch between the un-
known nonlinear plant and the global model constructed from
the local ones has also been discussed. This is based on an
estimate of the minimum uncertainty that would explain plant
input /output data and not invalidate the model. This mea-
sure of uncertainty can aiso be used to decide how many lo-
cal models are required to describe the nonlinear plant.
Therefore it may also be considered a measure of the nonlin-
earity of the process.

The estimation procedures outlined in this article have
been shown to work on three test systems. These examples
were chosen because they are nonlinear systems being oper-
ated in different regions, and the dynamics in each of the
operating regions is different. Also each of the examples was
selected in order to illustrate different aspects of the behav-
ior of the estimators. The first system, which was a simple
numerical example, illustrated the behavior of the estimators
in an idealized setting without measurement noise or dis-
turbances. The probabilities were shown to switch during
transition, and the effect of changing the estimation horizon
was studied. Next, in the CSTR example, the stability charac-
teristics of the local models change depending on where the
CSTR is operated. The effect of varying the number of mod-
els was examined, and the amount of uncertainty in the sys-
tem was estimated. Finally, the copolymerization reactor was
used to apply the estimators to a large-scale system, with noise
and unmodeled disturbances, which take the plant into re-
gions not covered by any of the local models.

In each of the examples, the MHPE outperformed the
MHBE. Furthermore the MHPE offers the flexibility of in-
corporating constraints on the estimated states. However,
these advantages come with the increased computational bur-
den of having to perform a constrained optimization at each
time step. Since the MHBE does not have an explicit opti-
mization, it is a lot quicker than the MHPE. Therefore there
is a trade-off between accuracy and computing resources
needed. For the two industrial examples presented here, the
CSTR and the copolymerization reactor, it is likely that the
state estimates from the MHBE are close enough, and the
additional burden of using the MHPE is not warranted.
However, if a more precise knowledge of the states is re-
quired, as in the first test system, for example, the MHPE
must be used.
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Figure 30. Transition controller using a muitipie-model
estimator.

The method outlined in this article are not meant to be an
end in themselves, but instead provide a basis for controller
design for plants that undergo transitions. It is expected that
such transition controllers will make use of the model proba-
bilities or validity functions to modify their behavior, depend-
ing upon which regime the plant is being operated in. This is
shown in Figure 30, where a scheduled transition controller
is being used. A method of transition control that takes ad-
vantage of the structure of the multiple-model-based estima-
tor has been presented in Banerjee et al. (1995).
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